Abstract. The powerful concept of an operator ideal on the class of all Banach spaces makes sense in the real and in the complex case. In both settings we may, for example, consider compact, nuclear, or 2-summing operators, where the definitions are adapted to each other in a natural way. This paper deals with the question whether or not that fact is based on a general philosophy. Does there exists a oneto-one correspondence between "real properties" and "complex properties" defining an operator ideal? In other words, does there exist for every real operator ideal a uniquely determined corresponding complex ideal and vice versa?
Preliminaries
Let X always denote a Banach space over the field of real numbers. The letters A, B, T and S refer to linear operators between real Banach spaces. The identity map of X is denoted by I X .
For x ∈ X the canonical injections X → X ⊕ X : x → (x, o) and X → X ⊕ X :
are denoted by J X 1 and J X 2 , respectively. For x 1 , x 2 ∈ X the canonical surjections X ⊕ X → X : (x 1 , x 2 ) → x 1 and X ⊕ X → X : (x 1 , x 2 ) → x 2 are denoted by Q For the theory of operator ideals we refer to the monographs of Pietsch, [3] and [4] .
Definition. The Banach space X ⊕ X becomes a complex Banach space under the operations (x 1 , x 2 ) + (y 1 , y 2 ) := (x 1 + y 1 , x 2 + y 2 ) (α + iβ)(x 1 , x 2 ) := (αx 1 − βx 2 , βx 1 + αx 2 ), and the norm , where x 1 , x 2 , y 1 , y 2 ∈ X. The obtained complex Banach space is called the complexification of X.
Banach spaces with an i-operator
Note that the scalar multiplication by the imaginary unit i in a complex Banach space yields an isometric operator on this Banach space. This observation leads to the following definition.
Definition. A Banach space with an i-operator is a pair [X, A] consisting of a real
Banach space X and a linear operator A : X → X such that A 2 = −I X and
We refer to the operator A as an i-operator on the Banach space X. A linear operator between two complex Banach spaces obviously commutes with the scalar multiplication by i. The next definition is due to this fact. The mappings
yield a covariant functor on this category. In this way every complex Banach space can be considered as a Banach space with an i-operator. Also, if Y and Z are complex Banach spaces and T : Y → Z is a complex operator then T respects A and B defined as above on Y and Z, respectively.
Conversely, given a Banach space with an i-operator [X, A] we can introduce a complex scalar multiplication in X by i · x := Ax or more generally (α + iβ)x := αx + βAx for α, β ∈ R.
In this way we obtain a complex Banach space. Also, if [T, A, B] is an operator respecting A and B, then T yields a complex operator on the assigned complex spaces.
Thus the category of Banach spaces with an i-operator can be identified with the category of complex Banach spaces.
Complexification.
For a real Banach space X, we can define a natural ioperator N X on the space X ⊕ X by
It is easy to see that the space [X ⊕ X, N X ] equipped with the norm
corresponds to the complexification of the space X as defined in Section 1. Also, if T : X → Y is a real operator, then
is called the complexification of the operator T . It is natural to ask whether or not every complex Banach space can be obtained as the complexification of a real Banach space. The following proposition yields a characterization of complex Banach spaces with that property. Example 2 will then show that there are complex Banach spaces which are not a complexification. Proof. First of all, note that the complex conjugation Putting together these isomorphisms, we get an isomorphism
of the spaces [X, A] and [X, A] which moreover satisfies
This proves that (1) implies (2).
To prove the converse, we consider the subspace Y ⊆ X defined by
Then the map
respects the i-operators A and N Y . Moreover, by (1), we have
and hence S ≤ I + T .
By T 2 = I X and T A = −AT , it can easily be verified that the inverse map of S is given by In view of the considerations in the next section the following problem arises. On the other hand, there is the forget functor acting from either the category of complex Banach spaces or the category of real Banach spaces with an i-operator into the category of real Banach spaces. This functor simply forgets about the complex structure on a Banach space. However, as the examples in the previous section show, this functor is neither injective nor surjective.
Namely, the spaces [X, A] and [X, A] of Example 2 are both mapped to the same real Banach space X, which shows that the forget functor is not injective. The spaces of Example 1 show that the forget functor is not surjective.
Moreover, Proposition 1 shows that the space [X, A] of Example 2 is not a complexification of a real space. 
Operator ideals
In the following let R and C denote ideals of real or complex operators, respectively.
Definition. We define the complexification R C of the real operator ideal R as the ideal consisting of all complex operators [T, A, B] such that T belongs to R, i.e.
We define the real form C R of the complex operator ideal C as the ideal consisting of all real operators T such that its complexification belongs to C, i.e. We say that an operator ideal C is self conjugate if C = C.
Of course one may ask whether or not the ideals R and C are uniquely determined by their complex or real analogues R C and C R , respectively. This makes it necessary to examine the combination of the procedures above, namely under which conditions on R and C is it true that
Theorem 1 below will give a satisfactory answer if we start from a real ideal R. In the complex case, to fulfill (3), we must additionally require that the ideal C is self conjugate.
The assertion now follows from the ideal properties of R.
The following theorem means that real operator ideals are uniquely determined by their complexification.
Theorem 1. For any real operator ideal R we have
Proof. Let T ∈ (R C ) R . By the definition of the real form of an operator ideal this is the case if and only if [T ⊕ T, N X , N Y ] ∈ R C . By the definition of R C this is equivalent to T ⊕ T ∈ R. Now, using Proposition 2, the assertion follows.
The complex case
Let [X, A] be a Banach space with an i-operator. Then A⊕−A yields an i-operator on X ⊕ X. The following proposition shows the significance of this i-operator. 
Proof. Let x 1 , x 2 ∈ X and define T : X ⊕ X → X ⊕ X by
Then we have
Hence the operator T respects the i-operators N X and A ⊕ −A. It is evident that T is a bounded bijection and consequently [T, N X , A ⊕ −A] defines an isomorphism of the spaces [X ⊕ X, N X ] and [X ⊕ X, A ⊕ −A].
Note that, in order to make N X an i-operator on X ⊕ X, we must modify the norm a little bit, introducing e.g.
On the other hand, in order to make A ⊕ A an i-operator on X ⊕ X, we may use e.g.
(x, y) := x + y .
Nevertheless, the resulting spaces are still isomorphic. In contrast to Proposition 2, in the complex case, we can only prove the following result.
Proposition 4. For a complex operator ideal C, we have
Proof. First of all, note that for a Banach space with an i-operator [X, A] the canonical injection J X 1 : X → X ⊕ X respects the i-operators A and A ⊕ −A whereas the canonical injection J To prove the converse of Proposition 4 an additional property of the operator ideal C is required. and the ideal properties of C imply that [T, −A, −B] ∈ C and hence C is self conjugate.
Now we can prove the complex analogue to Theorem 1.
Theorem 2. For any complex operator ideal C we have
In addition, the following conditions are equivalent:
The operator ideal C is uniquely determined by its real form, i.e. 
Self conjugate operator ideals
Theorem 2 gives a good criterion to check whether or not a complex operator ideal is uniquely determined by its real form.
However, if one examines known operator ideals, it turns out, that all of them are self conjugate. Hence the problem arises whether there exist operator ideals which are not self conjugate. No such example seems to be known. by (7). This yields a contradiction to property 4 of the space [X, A] and therefore completes the proof.
